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Electron states in a quantum dot (QD) located near a 2D system of dipolar excitons are perturbed
by fluctuations of the exciton density caused by the electron-exciton interaction. This results in the
frequency changes of electron transitions in a QD. The frequency depends on the exciton density,
as well as on the exciton gas phase state. In the present work, the shifts of the two lowest QD
energy levels are found both in the normal state of the exciton system and for the Bose-Einstein
condensation (BEC) regime.
I. INTRODUCTION
Two-dimensional (2D) systems of excitons and exciton-
polaritons have been studied for a rather long time. The
most impressive effect in such systems is the one resem-
bling the BEC phase transition: the exciton recombi-
nation line shape drastically changes and this indicates
the emergence of a new phase in the system1–6. More
varied possibilities for researches are available in hybrid
electron-exciton structures, especially in the case of spa-
tially indirect dipolar excitons with a long life-time7–15.
If, for example, a set of QDs is placed close to the 2D
gas of dipolar excitons, then the interaction of electrons
in QDs with excitons results in the shift (splitting) of the
QDs energy levels observable in the optical spectra. Ev-
idently, the results will be different for the normal Bose-
gas of excitons and for the BEC phase. Thus, there ap-
pears an additional possibility to investigate the phase
transition in the exciton system by means of its influ-
ence on the properties of electron component in a hybrid
structure.
In the present paper, we consider the two abovemen-
tioned regimes of QD interaction with the 2D gas of dipo-
lar excitons.
II. IMPERFECT BOSE-GAS OF EXCITONS AT
T = 0
We describe the exciton condensate by the Gross-
Pitaevskii equation. Its applicability condition is detailed
in the review by Pitaevskii16. In our case, the exter-
nal potential in this equation should be replaced by the
QD interaction with excitons. Denoting the QD electron
wave function by χ and the condensate one - by ψ we
have the electron-exciton interaction energy in the form:
Hˆint =
∫
|ψ(ρ)|2Ve-ex(ρ− ρ′)|ψ(ρ′)|2dρdρ′, (1)
where Ve-ex is the pair electron-exciton potential. The
function Ve-ex(ρ − ρ′) can be found from a simple elec-
trostatic problem (see Fig. 1): plane z = 0 is occupied
by dipoles with charges ±e and the shoulder L oriented
along the z-axis. The QD is placed at the distance ∆≫ L
from this plane and the QD height is much less than
its sizes in the x-y-plane; thus, electron states in a QD
correspond to the ultraquantum limit of the transversal
motion. Then we obtain:
Ve-ex(ρ− ρ′) = − e˜
2∆L[
(ρ− ρ′)2 +∆2
]3/2 , (2)
ρ,ρ′ are the 2D radius-vectors in the x-y-plane. From
here and further in what follows, e˜2 denotes e2/ε, where
ε is the background permeability; the sign in the right
side of eq. (2) corresponds to a certain polarity of dipoles,
i.e. attraction to an electron.
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FIG. 1: Schematic representation of the hybrid
structure.
Then one has to account for the Coulomb field of the
charge that compensates the QD electron charge. To
be certain, we consider the structure shown in Fig. 1,
where the QDs are populated with electrons due to the
δ-doping. Donors are separated from the QD plane by the
tunnel-transparent barrier. Such structures with Ge QDs
on the Si surface were reported in17. A single-ionized
donor interaction with an exciton is given by the formula:
VD = e˜
2L∆1/(ρ
2 + ∆21)
3/2 (exciton coordinates are ρ,
z = 0, and donor coordinates - ρ = 0, z = ∆1).
As for the exciton-exciton interaction Vex-ex, it can be
treated as a constant one: Vex-ex = gδ(ρ− ρ′) with g =
24pie˜2L because the repulsion of parallel dipoles decreases
at a large separation as |ρ − ρ′|−3 that is a short-range
potential in the 2D case.
Finally, one has also to account for U0(ρ) - the po-
tentials of QD and of the remote donor which keep an
electron within a QD. Summing up all contributions to
the energy of the system we come to the self-consistent
equations for functions ψ and χ (h¯ = 1):[
− 1
2M
∆ρ − µ+ g|ψ(ρ)|2 + (3)
+
∫
Ve-ex(ρ− ρ1)|χ(ρ1)|2dρ1 + VD−ex(ρ)
]
ψ(ρ) = 0,[
− 1
2m
∆ρ′ +
∫
Ve-ex(ρ
′ − ρ1)|ψ(ρ1)|2dρ1 +
+U0(ρ
′)− E
]
χ(ρ′) = 0.
Here, M and m are the exciton and electron masses,
respectively, µ - the exciton gas chemical potential, E -
electron energy in a QD.
In the absence of interactions Ve-ex and VD-ex the so-
lution for ψ(ρ) in eq. (3) is simply constant: ψ =
√
n0,
where n0 is the uniform (unperturbed) exciton gas den-
sity and the equation itself gives the chemical potential
value µ = gn0.
Interaction with electron and ionized donor results in
the exciton condensate density fluctuation: ψ =
√
n0 +
ϕ(ρ). We suppose the fluctuation is small, as compared
with the initial density n0 and linearize system (3) by
ϕ. The criterion for the applicability of this approxima-
tion will be expressed below in terms of the characteristic
parameters of the structure.
After the linearization we get system (3) in the form:
− 1
2M
∆ρϕ(ρ) + 2gn0ϕ(ρ) +
e˜2L∆1
√
n0
(ρ2 +∆21)
3/2
−
−e2∆L√n0
∫ |χ(ρ1)|2 dρ1
[(ρ− ρ1)2 +∆2]3/2
= 0, (4)
− 1
2m
∆ρ′χ(ρ
′)− (E + 2pie2Ln0)χ(ρ′) + U0(ρ′)χ(ρ′)−
−2e2∆L√n0
∫
ϕ(ρ2)dρ2
[(ρ′ − ρ2)2 +∆2]3/2
χ(ρ′) = 0. (5)
The formal solution of eq. (4) can be given by making
use of its Green function G(ρ,ρ′) = (1/2pi)K0(κ|ρ−ρ′|),
where κ2 = 4Mgn0, K0 is the McDonald function:
ϕ(ρ) = −Me˜
2∆1Ln0
pi
∫
K0(κ|ρ− ρ1|)dρ1
[ρ21 +∆
2
1]
3/2
+ (6)
+
Me2∆L
√
n0
pi
∫
K0(κ|ρ− ρ1|) |χ(ρ2)|2 dρ1dρ2
[(ρ1 − ρ2)2 +∆2]3/2
.
The substitution of ϕ(ρ) from eq. (6) into (5) results in
the closed nonlinear equation for electron wave function
χ(ρ′). The first term in (6) leads to an additional poten-
tial affecting the electron and caused by that part of the
fluctuation density in the exciton condensate which ap-
pears due to the interaction with a remote ionized donor.
This contribution can be essentially simplified and ex-
pressed by a single integral:
1
2m
∆ρ′χ(ρ
′) +
(
E + 2pie2Ln0
)
χ(ρ′)− U0(ρ′)χ(ρ′)−
−4pie˜
2n0L
2
aM
∫
e−k(∆+∆1)J0(kρ
′)kdk
κ2 + k2
χ(ρ′) +
+
2Mn0(e
2∆L)2
pi
χ(ρ′)× (7)
×
∫
K0(κ|ρ1 − ρ2|) |χ(ρ3)|2 dρ1dρ2dρ3
[(ρ1 − ρ2)2 +∆2]3/2 [(ρ′ − ρ2)2 +∆2]3/2
= 0,
where aM = 1/Me˜
2 (Bohr radius for a particle with mass
M).
To approximately find the eigenvectors of eq. (7),
which determine the electron energy levels in a QD, we
use the direct variation method. We model the QD
plus ionized donor potential U0(ρ) by the parabolic one:
U0(ρ) = mΩ
2ρ2/2. Correspondingly, we choose the trial
functions of the lowest and of the first excited levels of
QD as the eigenfunctions of a 2D harmonic oscillator:
χ0 =
√
α
pi
e−αρ
′2/2, χ1 =
√
2
pi
βρ′ cosϕe−βρ
′2/2, (8)
where α and β are the variation parameters. Functions
(8) are orthogonal for any α and β and normalized.
Before calculating energy levels E0 and E1, we discuss
the condition of applicability of the linear in ϕ approx-
imation used (ϕ ≪ √n0). To this end, calculate ϕ(ρ)
in (6) with the function χ0 at point ρ = 0 (i.e. just un-
der the QD). Put χ0 from eq. (8) into (6) and replace
function K0 by its Fourier transform. The result has the
form:
ϕ(0) =
2L
√
n0
aM
∫ (
e−k
2/4α−k∆ − e−k∆1
) kdk
κ2 + k2
.(9)
As ∆1 > ∆ (see Fig. 1), then, at α ≫ 1/∆2 (that
means the lateral size of QD is much smaller than ∆), the
integrand in (9) is positive, and it is less than ke−k∆/κ2
everywhere. Hence, ϕ(0) < 2L
√
n0/aMκ
2∆2. The re-
quired criterion takes the form of 8pin0∆
2 ≫ 1. In the
opposite limit α∆2 ≪ 1, the second term in the round
bracket of integrand in (9) dominates, value ϕ(0) changes
the sign and its modulus is less than 2L
√
n0/aMκ
2∆21.
Then |ϕ(0)| ≪ √n0 if 8pin0∆21 ≫ 1. Thus, the previous
condition 8pin0∆
2 ≫ 1 provides the linearization validity
of system (3) for all QD sizes.
The energies of the two lowest levels as the functions
of variational parameters E0(α) and E1(β) are found by
the conventional method of substitution χ0 and χ1 in the
3functional of the energy related to eq. (7). All integra-
tions over coordinates ρ1, ρ2, etc. can be done analyti-
cally and the final results contain single integrals only:
E0(α) =
1
2
(
α
m
+
mΩ2
α
)
−
−8pin0L
2e˜2
aM
∞∫
0
e−k
2/2α−2k∆kdk
κ2 + k2
+
+
4n0L
2e˜2
aM
∞∫
0
e−k
2/4α−k(∆+∆1)kdk
κ2 + k2
, (10)
E1(β) =
β
m
+
mΩ2
β
−
−8pin0L
2e˜2
aM
∞∫
0
e−k
2/2β−2k∆
κ2 + k2
(
1− k
2
2β
+
3k4
32β2
)
kdk +
+
4n0L
2e˜2
aM
∞∫
0
(
1− k
2
4β
)
e−k
2/4β−k(∆+∆1)kdk
κ2 + k2
. (11)
Equations ∂E0/∂α = 0, ∂E1/∂β = 0 have been nu-
merically solved; the values E0 and E1 as the functions
of condensate density n0 are plotted in Fig. 2. The un-
perturbed values of these levels, evidently, are: E0 = Ω,
E1 = 2Ω. Calculations were performed with parame-
ters ε = 12.5, ∆ = 20 nm, ∆1 = 25 nm, L = 6 nm,
Ω = 1.9 meV, M = 0.6m0, m = 0.1m0, where m0 is the
electron mass.
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FIG. 2: Density dependence of the first excited (upper
panel) and the ground (lower panel) QD levels for the
condensate phase of excitons at T = 0.
III. NORMAL BOSE-GAS OF EXCITONS
In this case we describe excitons quasiclassically in the
self-consistent field approximation. The Hamiltonian of
the electron-exciton interaction can be expressed through
the local exciton density n(ρ):
Hˆint =
∫
|χ(ρ′)|2Ve-ex(ρ′ − ρ)n(ρ)dρ′dρ. (12)
The density n(ρ) above the condensation point is de-
termined by the Bose-Einstein distribution accounting
for the potential W (ρ) - the energy of a dipole in the
field of all other excitons and interaction with the elec-
tron in a QD and with an ionized donor:
W (ρ) = gn(ρ′) +
∫
Ve-ex(ρ− ρ′)|χ(ρ′)|2dρ′ +
+
e2L∆1
(∆21 + ρ
2)
3/2
. (13)
The exciton density in the quasiclassical approach is
determined by the formula:
n(ρ) =
1
(2pi)2
∫
dp
eβ[p2/2M+W (ρ)−µ] − 1 =
− M
2piβ
ln
[
1− eβ[µ−W (ρ)]
]
, β ≡ 1/T. (14)
In the absence of QD and donor (but with exciton-
exciton interaction allowed for), we have n = n0 - the
density of the unperturbed exciton gas, W = gn0. This
constant can be included in the chemical potential. The
condition expβ(gn0 − µ) ≫ 1, which is equivalent to
inequality 2piβn0/M ≪ 1 (this follows from (14)) corre-
sponds to the Boltzmann limit. Estimating M = 0.6m0,
n0 ∼ 1011cm−2, we see that this limit is reached at
T ≫ TB = 2pin0/M ∼ 7 K. Then, for the exciton
density, the barometric formula n = n0e
−βW˜ , where
W˜ = W − gn0, is valid. The simplest case is the one
of high temperature βW˜ ≪ 1. As follows from eq. (13),
this condition is met when T ≫ |Ve-ex|, VD−ex, i.e. it
is enough to use e˜2L/∆2 ≪ T . For example, if the
dipole shoulder L in a double quantum well equals 6 nm,
∆ ∼ 30 nm and ε = 12.5, e˜2L/∆2 ≈ 7.6 K is obtained
and the Boltzmann approximation T ≫ TB provides the
condition W˜ ≪ T , too. Then, from (13), we have
W˜ (ρ)(1 + βgn0) =
∫
Ve-ex(ρ− ρ′)|χ(ρ′)|2dρ′ + VD-ex(ρ).
(15)
Finally, we come to the Schro¨dinger-type equation for
the electron wave function:
− 1
2m
∆χ(ρ′) +
{
mΩ2ρ′2
2
− n0
T + gn0
∫
Ve-ex(ρ
′ − ρ1)×
×
[
Ve-ex(ρ1 − ρ2)|χ(ρ2)|2dρ2 + (16)
+ VD-ex(ρ1)
]
dρ1
}
χ(ρ′) = Eχ(ρ′).
With the same trial functions χ0 and χ1, for the levels
E0 and E1, in the case of the normal state of the exciton
4gas, we obtain:
E0(α) =
1
2
(
α
m
+
mΩ2
α
)
−
−2pin0L
2e˜4
T + gn0
∞∫
0
e−k
2/2α−2k∆kdk + (17)
+
4pi(∆ +∆1)αn0L
2e˜4
T + gn0
∞∫
0
e−αρ
2
ρdρ
[(∆ +∆1)2 + ρ2]
3/2
,
E1(β) =
β
m
+
mΩ2
β
−
−2pin0L
2e˜4
T + gn0
∞∫
0
e−k
2/2β−2k∆
κ2 + k2
(
1− k
2
2β
+
3k4
32β2
)
kdk +
+
4pi(∆ +∆1)β
2n0L
2e˜4
T + gn0
∞∫
0
e−βρ
2
ρ3dρ
[(∆ +∆1)2 + ρ2]
3/2
. (18)
All integrals in (17) and (18) can be reduced to the
function Φ(x) - the probability integral, but the formulae
become too cumbersome. The numerically calculated E0
and E1 are shown in Fig. (3) for T = 6 meV.
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FIG. 3: Same levels for non-degenerate exciton gas at
T = 6 meV.
It is instructive to trace how parameters ∆ and ∆1 en-
ter the last terms of equations (10),(11) and (17),(18) de-
scribing the remote donor contribution to the energy shift
of the electron levels in a QD. Direct Coulomb electron-
donor interaction is included in U0. Thus, it goes about
an effect mediated by the changes in the exciton density.
The donor-exciton interaction (distance ∆1) causes the
exciton density variation, which, in its turn, affects the
QD electron (distance ∆). As a result, the final expres-
sion contains the sum ∆+∆1.
Thus, we see that QD electron energy levels depend
on the exciton density, essentially, more smoothly in the
case of Boltzmann gas than they do in the condensate
phase. Moreover, the density dependence of the E1 →
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FIG. 4: (E1 − E0)/Ω for T = 0 (solid line) and
T = 6 meV (dashed line).
E0 transition frequency shown in Fig. (4) demonstrates
that, at least, for the parabolic model of QD, the two
regimes are characterized by the opposite variation of
this frequency with an increase in the exciton density.
To conclude, we have shown that the phase transition
normal Bose-gas → BEC in the hybrid structure con-
taining QDs and thev2D gas of dipolar excitons can be
detected by the measurements of electron transitions in
a QD.
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